In this work, some new integrable and nonintegrable cosmological models of the Hořava-Lifshitz gravity are proposed. For some of them, exact solutions are presented. Then these results extend for the F(R) Hořava-Lifshitz gravity theory case. In particular, several integrable cosmological models of this modified gravity theory were constructed in the explicit form.
Introduction
More than one year ago Hořava proposed a theory, the so-called Hořava-Lifshitz quantum gravity, which is a power-counting renormalizable theory with consistent ultra-violet behavior [1] . In this theory, the scaling of the gravitational system at short distances exhibits a strong anisotropy between space and time
This important relation between space and time coordinates can be realized with the ArnowittDeser-Misner decomposition of the metric of the form
where g ij is the spatial metric (roman letters indicate spatial indices), L and L i are the lapse and shift functions, respectively. Recently the F(R) Hořava-Lifshitz quantum gravity has been proposed [2] (see also [3] - [8] ). In this work, we consider integrable aspects of the usual and F(R) modified Hořava-Lifshitz gravity theories ( see e.g. [10] - [11] ). The paper is organized as follows. In section 2, we study some integrable and nonintegrable FRW cosmological models of Hořava-Lifshitz gravity. In the next section 3, we extend some of these results for the modified F(R) Hořava-Lifshitz quantum gravity case and present its some exact integrable models. Exact solutions of some integrable models of the usual Hořava-Lifshitz gravity were considered in the section 4. Section 5 is devoted to the conclusion.
Cosmological models of Hořava-Lifshitz gravity
In this work, we restrict ourselves to the detailed balance case. In this case, the action of Hořava-Lifshitz gravity takes the form (z = 3):
where ∇ i are the covariant derivatives defined with respect to the spatial metric g ij , ǫ ijk is the totally antisymmetric unit tensor and κ, λ, µ, w = consts. Here K ij and C ij are the extrinsic curvature and the Cotton tensor, respectively, which are given by
As our main interest in this work is the cosmological aspects of HL gravity, we impose the projectability condition. Consider FRW spacetime with the scale factor a(t) and metric
where k can take any value but it is related to (−, 0, +) curvatures according to sign. In this case, the Friedmann equations we can write in the H-form
or in the N-form
Here N = ln a, H =Ṅ and
where α = 2κ −2 (3λ − 1) and
12)
In the next sections we will study some integrable aspects of the Friedmann equations in the H-form (2.5)-(2.7) or in the N-form (2.8)-(2.10) and try solve some of them.
Integrable models
Let us start from the presentation of some examples of integrable HL cosmological models. We assume that N, a, H satisfy one of Painlevé equations so that we obtain 30 new integrable HL models. Consider examples [below α, β, γ, δ, κ and µ are arbitrary constants] (see also [10] - [11] ). 1) P I -models. In our cosmological case, this model as and other P-type models have 5 particular submodels that means 5 type cosmological models. For this case we have: i) P IA -model. The P IA -model we write in the following closed form
14) 
iv) P IIID -model:
iv) P IV D -model:
ii) P V B -model:
iii) P V C -model:
Note that all Painlevé equations can be represented as Hamiltonian systems that is as (see e.g. [10] and references therein)q = ∂E ∂r , (2.52)
where E(q, r, t) is the (non-autonomous) Hamiltonian function. Consider some examples (see e.g. [10] and references therein). 1) P I -models. In this case, q, r, F read aṡ
2) P II -models. In this case we havė
3) P III -models. In this case we have
So in this subsection we presented 24 new HL cosmological models. Note that as integrable systems, these models admit n-soliton solutions, infinite number commuting integrals of motion, Lax representations etc.
Nonintegrable models
Here we consider some known and new HL models induced by some ODEs. These ODEs are nonintegrable so that the corresponding HL cosmological models are nonintegrable (see also [11] ). 1) ΛCDM cosmology. We start with the ΛCDM cosmology. Here we present 5 submodels [We remark that in fact only the Λ 1 -model corresponds to ΛCDM cosmology].
2) Pinney cosmology. It induced by the Pinney equation. Let us present 5 submodels.
iv) Pinney 4 -model:
3) Schrödinger cosmology. For this model also write 5 submodels.
4) Hypergeometric cosmology. Let us we present 5 submodels.
Finally we would like to note that the above presented HL models, in particular, have some solutions which describe the accelerated expansion of the universe.
Cosmological models of F(R) Hořava-Lifshitz gravity
Let us now consider the F(R) Hořava-Lifshitz gravity. Following [2] , its action we write as
where κ 2 = 16πG and
The case F (R) =R corresponds to the original Hořava-Lifshitz gravity. In this section, we construct integrable and nonintegrable F(R) Hořava-Lifshitz gravity models induced by some ODSs. For the metric
the scalarR takes the form
In the FRW case and as L = 1, the equations of motion read as [2] 
where p m and ρ m are the pressure and energy density of a perfect fluid that fills the Universe.
Integrable models
Some classes integrable models can be constructed with the help of known integrable ODEs. It is the main idea of the work (see also [11] ). One of famous representatives of such integrable ODEs are Painlevé equations. It is the case that we are going to use to get integrable Hořava-Lifshitz gravity models. Let us demonstrate it. The lazy way to do it is the assumption that the function F (R) or its sister f (R) = F (R) −R satisfy some integrable ODEs, in our case, one of Painlevé equations. Note that there are 6 integrable Painlevé equations with each of them can be relate 4 integrable F (R) Hořava-Lifshitz models so that totally we have 30 models. Now we are in the position to present these equations (or models) [
e) F IV E (R) -model:
Instead of this equation we can consider the following one
and
(3.63) and
(3.65) and
So we presented new 30 HL cosmological F J (R) models (J = I, II, III, IV, V, V I) which are integrable due to integrability of Painlevé equations.
Exact solutions of integrable HL models. All above constructed integrable HL models admit (may be infinity number) exact solutions. Let us here present some of them [for simplicity, we give just some particular solutions for the sister function f (R) = F (R) −R and only for some models] (see e.g. [10] ).
1) The F IIA (R) -model. i) As our first example, we consider the F IIA (R) -model (3.17). Let us present its some solutions. For example, this model has the following particular solutions:
and so on. Here
73)
C i = consts and Ai(x), Bi(x) are Airy functions. ii) Similarly, for the F IIB (R) -model (3.19) we have the following particular solutions
2) The F IIIA (R) -model. i) Our next example is the F IIIA (R) -model (3.27) . It has the following particular solutions:
and J ν (x), Y ν (x) are Bessel functions.
ii) The corresponding particular solutions of the F IIIB (R) -model (3.29) are given by
Similarly we can present the exact solutions of the other models.
Nonintegrable models
Let us here present some known and new HL models induced by some ODEs. These ODEs are nonintegrable so that the corresponding HL cosmological models are nonintegrable. Consider examples. i) We start from models induced by the hypergeometric differential equation. We write here 5 versions of this model. R-version:
It has the solution f (R) = 2 F (α, b; c;R) which is the hypergeometric function. t-version:
with the solution f (t) = 2 F (α, b; c; t). a-version:
with the solution f (a) = 2 F (α, b; c; a). N-version:
with the solution f (N ) = 2 F (α, b; c; N ). H-version:
with the solution f (H) = 2 F (α, b; c; H). ii) Another example is the case when f (R) satisfies the Pinney equation
If ξ 1 = 1, ξ 2 = κ = const, this equation has the following solution (see e.g. [11] )
Its "t-form" is f (t) = cos 2 t + κ 2 sin 2 t which is the solution of the Pinney equation
iii) Let us we present one more example. Let the function f satisfies the equation
These equations admit the following solutions
where ℘(R) and ℘(t) are the Weierstrass elliptic functions. Finally we would like to note that the above presented HL models, in particular, have some solutions which describe the accelerated expansion of the universe.
Cosmological solutions
It is important find exact solutions of HL gravity models (see e.g. [4] - [9] ). In our case, all above presented HL models admit exact solutions. It is important that some of these solutions describe accelerated expansion of the universe. Let us present some cosmological solutions of some above presented HL models. As an example, consider the P II -models that is the equations (2.27)-(2.31). These equations have the following particular solutions (see e.g. [10] - [11] ). i) P IIA -model (2.27):
3)
Hence we get the corresponding expressions for the scale factor a(t). We have a(t) ≡ a(t; ν 1 , 0, 0, −ν 1 ν and so on. These exact solutions correspond to the different cosmologies. Some of them describe the accelerated and decelarated phases of the Universe. Finally we note that similarly we can present exact solutions of the other HL models constructed in the previous sections.
Conclusion
In this work, a new class integrable and nonintegrable cosmological models of the Hořava-Lifshitz gravity were proposed. For some of them, exact solutions are presented. To construct integrable models we use the well-known integrable systems, namely, Painleve equations. Then these results extend for the F(R) Hořava-Lifshitz gravity theory case. In particular, several integrable cosmological models of this modified gravity theory were constructed in the explicit form.
